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ABSTRACT
In [12] and [13] Jack Sonn has introduced and studied a new notion of
equivalence for number fields. In this note we show that “almost all” (cf.
[14]) pairs of equivalent number fields are conjugate over Q, and we study
equivalence classes of fields of prime degree.

Let K be a field, G a finite group. G is called K-admissible iff there exists
a finite dimensional K-central division algebra D which is a crossed product for
G. Two number fields K and L are called (Sonn)-equivalent iff the set of K-
admissible finite groups and the set of L-admissible finite groups coincide. The

following theorem was proved in [12]:

THEOREM 1: Let K and L be equivalent number fields. Then K and L have the

same normal closure over Q.

Let K be a number field and p a prime. We say p has decomposition type
(f1,.-- fr) iff p has exactly r prime divisors of degrees f; > fo = --- 2 f, in
K. Let N|Q be a Galois extension containing K and P be any divisor of p in
N. The group G = G(N|Q) acts on the left cosets of U = G(N|K) in G and it
is well known (see [1] or [6, Lemma 1]) that for unramified P the following two
conditions are equivalent:

(a) p has decomposition type (f1,..., fr) in K.

(b) The Frobenius automorphism o = Fyq(P) acts on the left cosets of U as
a product of r disjoint cycles of lengths f; > f2 > --- > f, (the cycle type

of ois (f1,..-, fr))
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THEOREM 2: Let K and L be equivalent number fields. Let N be the common
normal closure of K and L over Q and let U, U’ C G := G(N|Q) be the respective
fixed groups. Let ¢ € G act on G/U and on G/U' and let (f1,...,fr) and
(fis- -+ f.) be the respective cycle types of o. Then:

() r=1&s=1

(b) Hr#1ors#1 then fo = f.

(c) The action of o on the cosets of U is trivial iff the action of o on the cosets

of U' is trivial.

The following theorem is a reformulation of Theorem 2 in terms of decomposi-
tion types. Note that every o € G is Frobenius automorphism corresponding to

an unramified prime.

THEOREM 2’: Let K and L be equivalent number fields. For a prime p which
is unramified in K|Q or in L|Q with respective decomposition types (fi,..., fr)
and (fi,..., f}) we have:

(a) r=1&s=1

(b) If p is not inert in K or in L, then f; = f;.

(c) p splits completely in K iff p splits completely in L.

Proof: (a) and (b) may easily be read off the proof of Theorem 1 in [12]. (c) is
a consequence of the fact that two number fields K and L have the same normal
closure over Q iff the sets S(K|Q) of primes splitting completely in K|Q and
S(L|Q) coincide up to a finite number of ramified exceptions. |

Another fundamental equivalence relation for number fields was introduced
and intensively studied by W. Jehne [5]. Two extensions K|k and L|k of number
fields are called Kronecker equivalent over k (K ~; L), iff the Kronecker
sets D(K|k) of finite primes of k, which have a divisor of first degree in K and
D(L|k) coincide up to at most finitely many exceptions (which according to [6]
do not exist). It is interesting to see, that Kronecker equivalent fields share the
property (a) and weakened versions of the properties (b) and (c) of the following
Remark 3. It is not even necessary to exclude ramified primes of the ground
field k£ ([9]). On the other hand Kronecker equivalent fields need not have the
same normal closure. Let L|Q be normal and K|Q be arbitrary. If K and L are
equivalent then K C L. If K and L are Kronecker equivalent, then K D L. So
Kronecker equivalence and equivalence are dual in some sense.
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Two extensions K|k and L|k of algebraic number fields are called arithmeti-
cally equivalent over k (see [11], [6]) iff (almost) all primes of k¥ have the same
decomposition type in K and in L. K and L are arithmetically equivalent over
Q iff their Dedekind zetafunctions coincide. Arithmetically equivalent fields are
obviously Kronecker equivalent. Theorem 5 shows that equivalent fields of prime
degree are arithmetically equivalent.

Remark 3: Let K and L be equivalent number fields with common normal
closure N over Q. For a prime p, unramified in N|Q, with decomposition types
(fiy..» fr)in K and (f1,..., f)) in L we have:

(a) Leti € {1,...,r}. Then:

Viziged(fi, fi) =1 = Jjeq,... ) filf}-

(b) If p has decomposition type (fi,..., fr,»1,...,1) in K with ged(f;, f;) =
1 (i # j) then p has decomposition type (fi,..., fr,1,...,1) in L. Only the
number of occurrences of the residue degree 1 may be different.

(c) Let p be inert in K|Q. Then the degrees (K: Q) and (L: Q) coincide.

Proof: Let G = G(N|Q),U = G(N|K),U' = G(N|L) and ¢ = Fyg(P) for a

prime divisor of p in N. We consider

ro= af""f""f' i

(a).ord (o) = lem(fy,..., fr) implies ord (7) = f;. 7 is Frobenius automorphism,
corresponding to an unramified prime p. The decomposition type of p in K is
(fir1,...,1). By Theorem 1, G acts faithfully on G/U and on G/U'. Now Theorem
2 implies that p has a decomposition type of form (f;,1,...,1) in L, too.

(b) Similarly one deduces

V o ged(fifi)=1 = Vi ged(fi,fj)=1
i,7€{1,...,r} i,j€{1,...,8}

Now (b) follows from lem(fy, ..., fr) = lem(fi,..., f}).
(c) follows from Theorem 2(a). 1

The following example will be used later:
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Example 4: Let K be an algebraic number field of degree n over the rationals
with normal closure K|Q and

GK|IQ) =S, or GEK|Q =A4, withnodd

Then every field L, equivalent to K, has degree n over Q.
Proof: Follows from Remark 3(c). |
We now examine equivalence classes of fields of prime degree.

THEOREM 5: Let K be a number field of prime degree p over Q and L be a field
of arbitrary degree which is equivalent to K. Then:
(a) (K: Q) = (L: Q)
(b) K and L are arithmetically equivalent over Q.
(c) If G = G(K|Q) is solvable, then K and L are conjugate over Q.
(d) The degrees p and groups G for which non-trivial equivalence is possible
are known by [2].
(e) In any case we have for i € N: K;(Ok), ~ Ki(OL), where Ki(Ok), de-
notes the p-primary part of the i-th Quillen K-group of the ring of integers
of K. In particular, Cl(Ok), ~ Cl(OL),. Moreover, the unit groups of K
and L are isomorphic.

Proof: (a) Let N|Q be the common normal closure of K and L. Let G =
G(N|Q), U = G(N|K) and U' = G(N|L). G is a subgroup of the symmetric
group Sy, hence p does not divide #U. We choose an element o € G of order p.
o acts on G/U without fixed points as a cycle of length p. Now (a) follows from
Theorem 3(c).

(b) By (a) the Sylow p-subgroups of U and U’ are conjugate. Therefore (b)
follows from (3, Theorem 2.1].

(c) U and U’ are {p}'-Hall subgroups, hence conjugate.

(d) See [2].

(e) It is well known that for arithmetically equivalent number fields the unit
groups coincide ([11]). The rest follows from [8]. |

Now we consider fields of low degree:

THEOREM 6: Let K be a number field of degree (K: Q) < 5. Then every field L
which is equivalent to K is conjugate to K.
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Proof: 1t is well known that arithmetically equivalent fields of degree less than
7 are conjugate ([11]). Because of Theorem 5 we only have to look at the case
(K: Q) = 4. The group G = G(K|Q) = G(L|Q) is a subgroup of the symmetric
group Ss. The case G = S; will be treated in the next theorem, so suppose #G €
{4,8,12}. Theorem 5 implies (L: Q) > 4, consequently (L: Q) € {4,6,8,12}, and
(L: Q) divides #G.

#G =4: K and L are conjugate by Theorem 1.

#G =8: Then we have (L: Q) € {4,8}. Let p be any prime which is unramified
in K|Q and M be any subfield of K|Q of degree 4. The possible decomposition
types of p in M are

1) 4), (2,2, (2,1,1), (1,1,1,1).

(L: Q) =4: Theorem 2 together with (1) implies, that K and L are arithmeti-
cally equivalent, hence conjugate.

(L: Q) =8: From (1) and Theorem 2 we conclude D(K|Q) C D(L|Q) up to at
most finitely many exceptions. Now the Theorem of M. Bauer (see [10]) yields
the contradiction K D L.

#G =12: We have (L: Q) € {4,6,12}. In this case the possible decomposition
types of unramified primes in one of the subfields of degree four of K|Q are

(2) 4), G1), 2,2, (2,1,1), (1,1,1,1).

(L: Q) =4: Again K and L are arithmetically equivalent.

(L: Q) € {6,12}): The group U = G(K|K) = (o) is cyclic of order three and &
acts on G/U as a 3-cycle. By Theorem 2(b), o fixes one coset of U’ in G, hence

o is contained in a subgroup conjugate to U’ and we derive the contradiction

I#U.  m

Now we are ready to prove our main theorem, which shows that “almost all”
(cf. [14]) equivalent fields are conjugate. In the course of the proof we shall use
ideas of N. Klingen [7].
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THEOREM 7: Let K be a number field with (K: Q) = n and G(K|Q) = S, or
G(K|Q) = An. Then every field L which is equivalent to K is conjugate to K.

Proof: Let G = G(K|Q), U = G(K|K),U' = G(K|L). We regard G as a
subgroup of the symmetric group S vy = S» and identify the set G/U with
{1,...,n}. Without loss of generality we may assume U = Fixg(n). We consider

three cases:

I G=85, n > 4.

In G =4, n>6, neven.
(I G=A, n>7 nodd

Cask (I): By Example 4 we have (G: U) = (G: U'). By Huppert ([4, p.175])
our assertion is true for n # 6. But it is possible to give a simple proof which
works in all cases. For this purpose we first establish the following two facts:

3) U’ contains a (n — 1)-cycle o = (a1,...,an-1)-

4) U’ contains a transposition 7 = (¢, ¢2).

(3): G = S, contains o1, which acts on G/U as a (n — 1)-cycle: The cycle
type of oy is (n — 1,1). The cycle type of 0, viewed as element of Sg/¢r is also
(n = 1,1) by Theorem 2(b). There exists & € G which is conjugate to oy and
contained in U’'. Obviously o is a (n — 1)-cycle.

(4) may be shown similarly.

Now we define a, by {1,...,n} = {a1,...,a,} and take n € U’ with n(a,) =
aj € {a1,...,an—1}. Fixys(a,) acts transitively on {ai1,...,a,—1} and U’ acts
transitively on {a;,...,ap}: U’ is 2-transitive on {a1,...,a,}, hence primitive.
Now [4, II 4.5] and (4) give the contradiction U’ = S,. Hence we have U’ =
Fixg, (an).

CAsE (II):  We show:

(5) U' # A,
(6) U’ contains a (n — 1)-cycle o = (ay,...,an-1).
(7 U’ contains a 3-cycle 7 = (b, b, bs).

(5) follows from Theorem 1. A, contains a (n — 1)-cycle because n — 1 is odd.
(6) can be shown similarly to (3). (7) is now clear.

Let again a, be defined by {a;,...,a,} = {1,...,n}. We distinguish two cases:
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(a): U’ C Fixa,(as). Without loss of generality we may assume U’ C U. By
(7) and Theorem 2 there exists 7 € U’, which acts as 3-cycle on G/U and on
G/U’. This is only possible if U = U'.

(b): U' ¢ Fixa,(an). U’ acts transitively on {a1,...,an} = {1,...,n}. By (6)
it follows, that the action of U’ on {ay,...,a,} is primitive. (7) and [4, II 4.5]
yield U’ D A,,. Contradiction to (5).

Case (III): Again we know #U = #U’ and show:

-1
U’ contains a product of disjoint z -cycles
(8) a==(al,...,an_;_x)(ag_;_l__,_l,...,a,._l)
) U' contains a (n — 2)-cycle 7 = (b;,...,ba—2).
(10) U’ contains a 3-cycle p = (c1,¢2, c3).

It is only necessary to show (8). U = Fix4,(n) contains a product of disjoint
Eé‘-l-cycles, for example
n—1y/n-1
oy = (1,..., 5 )( 2 +1,...,n—1).
oy viewed as element of Sg/y has cycle type ("T'l, "—;1, 1), oy viewed as element

of Sy has cycle type
(Fi fareen ) with s2>2

under the restrictions

Theorem 2 = i ; 1
h2f
Example 4 i fl=n
i=1
Theorem 1 lem(f},...,f)) = i ; 1 ord(a1).
These restrictions allow only (f},..., fi) = (%45, "2;1, 1). U’ contains an element
n-1

01, conjugate to o, of the desired form. From %3 < 2 & n < 5 we conclude
{b],. . .,b,._z} N {al,. . .,an_-rl} # 0, and {bl,.. .,b,,_z} N {a;._;l_n,. . .,a,._l} # (6,
thus

(11) U' acts transitively on  {a1,...,8n—1} U {b1,...,bn=2}

Again we have to distinguish two different cases:
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(a): U’ does not act transitively on {1,...,n}. Then (11) gives {b1,...,bp—2}
C {a1,...,an-1} and U’ C Fixa,(an). But we already know #U' = #U; so U

and U’ are conjugate.

(b): U' acts transitively on {1,...,n}. o is contained in Fixy(an,) = V. We
define b,—1 and b, by {b1,...,ba} = {1,...,n} and choose a € U’ with a(b,) =
an. U' contains the (n — 2)-cycle

(b,y.. o bh_g) =ara™? = (a(b),...,a(ba—z)),
which also lies in the subgroup V, which acts transitively on {ai,...,an-1} (cf.

(11)). From Huppert [4, IT 4.5] we derive the contradiction U’ D An.
This completes the proof of Theorem 7. |
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